Abstract. This paper contains two essentially independent results in the invariant theory of finite groups. First we prove that, for any faithful representation of a non-trivial p-group over a field of characteristic p, the ring of vector invariants of m copies of that representation is not Cohen-Macaulay for m ≥ 3. In the second section of the paper we use Poincaré series methods to produce upper bounds for the degrees of the generators for the ring of invariants as long as that ring is Gorenstein. We prove that, for a finite non-trivial group G and a faithful representation of dimension n with n > 1, if the ring of invariants is Gorenstein then the ring is generated in degrees less than or equal to n(|G| − 1). If the ring of invariants is a hypersurface, the upper bound can be improved to |G|.
Introduction
bound on the Noether number as a Noether bound. If the characteristic of k does not divide |G| then, as long as n > 1 and G is non-trivial, n(|G| − 1) is a Noether bound for the representation (see [6, Corollary 2.5] 
Vector Invariants
In this section we assume that the characteristic of k is p and that P is a non-trivial psubgroup of GL(V ). We use V * to denote the dual to V and (V * ) P to denote the subspace of V * fixed by P. We remind the reader that every linear action of a p-group over a field of characteristic p has a non-zero fixed point. Choose z ∈ V * so that z represents a non-zero
There is an F p -subspace of (V * ) P , say W , such that the P-orbit of z is the set z + W . Choose y to be a non-zero element in W and let U be an F p -subspace of W which is complementary to F p y. For any g ∈ P, g(z) = z + β g y + u g for some β g ∈ F p and u g ∈ U . For any t ∈ V * define
In particular, let a = N(y; U ) and b = N(z;U ).
Lemma 1.1 For any g
Proof Let x 1 , . . . , x r be a basis for U . Then 
The p-th power map is additive and therefore
However, u g ∈ U and therefore N(u g ; U ) = 0. Furthermore, since β g ∈ F p , we see that
Since there is a g ∈ P for which β g = 1, it follows from the preceding lemma that b is not in k[V ] P . Let mV denote the direct sum of m copies of V , with m ≥ 3, and consider the diagonal action of P on mV . Choose z ∈ V * and use z i , for i ∈ {1, 2, 3}, to denote the element in the i-th copy of V * corresponding to z. Define y i , a i , b i and U i similarly. Further define
Theorem 1.2 k[mV ]
P is not Cohen-Macaulay for m ≥ 3.
Proof By way of contradiction, assume that k[mV ] P is Cohen-Macaulay. Choose a homogeneous system of parameters for
P is Cohen-Macaulay, the homogeneous system of parameters is a regular sequence and therefore (a 1 , a 2 , a 3 ) is a regular sequence. Since a 1 u 23 + a 2 u 31 + a 3 u 12 = 0, u 12 is in the k[mV ] Pideal generated by a 1 and a 2 . Therefore there exist homogeneous r and s in k[mV ] P such that u 12 = ra 1 + sa 2 . Referring to the definition of u 12 gives ra 1 
Since a 1 and a 2 have no common factors over k[V ], a 1 divides s + b 1 . Furthermore, a 1 and s + b 1 have the same degree. Therefore, for some non-zero
However, from Lemma 1.1, we see that b 1 is not invariant, giving a contradiction.
Noether Bounds for Gorenstein Invariants
We begin with a brief discussion of Poincaré series. We will consider finitely generated graded algebras, A, of Krull dimension n, whose Poincaré series have the form
some polynomial a(t). P(A, t)
has a pole of order n at t = 1 so a (1) is not zero. The series may be expanded about t = 1. The first coefficient in this expansion is, by definition, the degree of A and the second coefficient is denoted by ψ(A). In other words
where O 1 (1−t) n−2 is some rational function whose Laurent series about t = 1 starts with c · 1 (1−t) n−2 for some constant c. By substituting t = 1 into (1 − t) n P(A, t) we see that
We will use a (t) to denote the first derivative of a(t).
Proof See [7, Lemma 2.5.9].
Now suppose that
G is a polynomial algebra. Since this case is well understood we will assume, for the rest of this section, that n > 1.
is the number of (pseudo) reflections in G (see, for example, [1, Chapter 2] ). Regardless of the characteristic of k we have the following. 
with a(t) = a 0 + a 1 t + · · · + a s t s and a i = a s−i . Thus a (1) = s · a(1)/2. Using Lemma 2.1 and Proposition 2.2 we get the following.
Corollary 2.3 If k[V ]
G is Gorenstein then
We wish to use Dade's construction (see [8, p. 483 
]) to produce a system of parameters for k[V ]
G with degrees less than or equal to the order of G. However in order to use Dade's construction it may be necessary to extend the field.
Lemma 2.4 Ifk is a field extension of k then the Noether number ofk ⊗ k V is the same as the Noether number of V .
For any connected graded algebra, A, let A + denote the set of homogeneous elements of A with positive degree. The degrees of a minimal generating set for A correspond to the degrees of a vector space basis for the graded algebra A/(A + ) 2 . Therefore, to prove the lemma, it is sufficient to prove thatk
2 . Let S be a basis fork over k. Sincẽ
G we may write a = λ∈S λ ⊗ a λ for some choice of a λ ∈ k[V ]
Theorem 2.5 If k[V ]
G is Gorenstein and n > 1, then k[V ] G is generated in degrees less than or equal to n(|G| − 1).
Proof By Lemma 2.4, extending the field does not change the Noether number, so we may assume that k is algebraically closed. We use Dade's construction to produce a homogeneous system of parameters for k[V ]
G with degrees less than or equal to |G| (see [8, p. 483] ). Let d 1 , . . . , d n be the degrees of such a homogeneous system of parameters. Since, for all i, d i ≤ |G|, applying Corollary 2.3 gives
Furthermore, any additional generators for k[V ]
G occur in degrees less than or equal to s and, as long as n > 1 and |G| > 1, n(|G| − 1) > |G|.
Corollary 2.6 Suppose that the characteristic of k is p, G is a p-group and k[V ]
G is Cohen-
Macaulay. Then k[V ]
G is generated in degrees less than or equal to n(|G| − 1). 
Now suppose that k[V ]
G is a hypersurface. In this case k[V ] G has n + 1 generators and a single relation. Suppose that the degrees of the generators are d 1 , . . . , d n+1 and the degree of the relation is e. Thus
If we further suppose that the first n elements of our generating set form a homogeneous system of parameters then
Corollary 2.7 If k[V ]
G is a hypersurface with a minimal generating set which contains a homogeneous system of parameters then
Theorem 2.8 If k[V ] G is a hypersurface then k[V ]
G is generated in degrees less than or equal to |G|.
Proof Using Lemma 2.4 we see that extending the field does not change the Noether number so we may assume that k is algebraically closed. Therefore by Dade's construction [8, p. 483] there exists a homogeneous system of parameters for k[V ]
G with degrees less than or equal to |G|. The elements of this homogeneous system of parameters are polynomials in the generators. If each of the n + 1 generators appears in the expression for some element of the homogeneous system of parameters then all of the generators have degree less than or equal to |G| as required. If only n of the generators appear then these n generators form a homogeneous system of parameters. Without loss of generality we may take the degrees of this homogeneous system of parameters to be d 1 , . . . , d n . Furthermore, we may assume 
Since generators of degree one make no contribution to either side of this inequality, we may assume that d 1 > 1. Subtracting d n+1 from both sides of the inequality gives
If k[V ]
G is a polynomial algebra then the conclusion holds. Thus we will assume that k[V ] Thus n − 1 > 2 n−2 , which is a contradiction.
